The standard theory of quantum computation relies on the idea that the qubit -the basic information quantity -is represented by a superposition of elements of the standard quantum computational basis B (2) = {|0i, |1i}. In the present paper we focus on the case of qutrits where the standard quantum computational bases is replaced by a three-valued computational basis B (3) = {|0i, | 1 2 i, |1i}. Recently in [13] , unary gates on the Hilbert space C 3 were considered. In this work we propose an extensive method that allows to extend binary gates to the framework of qutrits.
Introduction
The theory of quantum computation has suggested new forms of quantum logic -the so called quantum computational logics -that turn out to have some typical unsharp features [4] . The main di↵erence between the quantum logic introduced by Birkho↵ and von Neumann [3] and the quantum computational logics, could be summarized as follows: in the Birkho↵ and von Neumann approach, the meaning of a sentence is interpreted as a closed subspace of the Hilbert space associated with a physical system [5] ; on the other hand, in quantum computational logics the meaning of a sentence is identified with a quantum information quantity: a qubit, a quregister (that is a system of qubits) or, more generally, a mixture of quregisters (the so called qumix ) [6, 7, 8, 11, 14] .
In [2, 13] authors proposed an extension of the standard quantum computational logic where the basic information quantity is a qutrit (a unit vector of the Hilbert space C 3 ) instead of the usual qubit. Following this approach, the standard quantum computational basis is replaced by the three-valued quantum computational basis B (3) = {|0i, | 1 2 i, |1i}, and in this context several unary quantum gates were discussed. In this paper we introduce an extensive method that allows to extend binary gates to the framework of qutrits.
The paper is organized as follows: in Section 2 we provide all the basic notions necessary to render the article self-contained; in Section 3 we summarize the behaviour of some unary quantum gate in the framework of the standard and the three-valued quantum computational logic, respectively; in Section 4 we introduce an extensive method to define some binary gate in three-valued quantum computational logics. Finally, we close the paper with a few comments on possible further developments.
Basic Notions
In this section we introduce all the notions necessary for a consistent reading of this paper.
Consider the n-fold tensor product Hilbert space ⌦ n C d , with n 1 and d 2.
The canonical orthonormal basis B (d n ) of ⌦ n C d is defined as follows:
is a d-dimensional column vector with 1 in the (i + 1) th -entry and 0 in all the other d 1 entries.
In the special case where n = 1 and d = 3, we obtain the basis B (3) = {|0i, | 1 2 i, |1i}. Definition 1. Qudit A unit vector in the Hilbert space C d (with d 2) is called qudit.
As a special case of the Definition above, if d = 3 the unit vector is the qutrit, whose extensive expression is | i = a|0i + b| 1 2 i + c|1i (with |a| 2 + |b| 2 + |c| 2 = 1).
Definition 2. Quregister and Qumix
A quregister is a unit vector in ⌦ n C d and a qumix (or mixed state) is a density operator in ⌦ n C d .
So, a vector in ⌦ n C d is a n-fold tensor product of d-dimensional vectors. Trivially, qudits are special cases of quregisters.
Definition 3. Truth-values of a quregister
We say that the truth-value of a quregister |x 1 , ..., x n 1 , i
Indeed, the truth-value of a quregister depends on its last component only. In particular, if i = 0 we say that the register is false and if i = d 1 we say that the register is true.
Let us remark that the number of di↵erent truth-values over the Hilbert space ⌦ n C d is d, for any value of n. Hence, in the Hilbert space ⌦ n C 3 , three possible truth-values only are available.
Definition 4. The truth-value projectors
A truth-value projection on ⌦ n C d is a projector P
whose range is the closed subspace spanned by the set of all quregisters whose n-th component is
In particular, the truth-projection on ⌦ n C d is the projection operator P (d n ) 1 whose range is the closed subspace spanned by the set of all true quregisters of ⌦ n C d .
According with the Born rule, for any qumix ⇢ 2 ⌦ n C d , a notion of probability can be introduced as follows:
where tr is the trace functional.
From an intuitive point of view, p represents the probability that the information stored by the qumix ⇢ is the truth-value i d 1 . The unitary evolution of quregisters and qumixes is dictated by quantum logical gates and the quantum operations they naturally induce: unitary transformations mapping quregisters and qumixes in ⌦ n C d into quregisters and qumixes in ⌦ n C d , respectively. We may distinguish between: -semiclassical quantum gates: unitary operators that transform basis elements into basis elements;
-genuinely quantum gates: unitary operators that transform basis elements into a superposition of basis states;
-genuinely entangled gates: unitary operators that transform basis elements into entangled states.
In this paper, we will be mostly interested in the Hilbert space C 3 . We say that a density operator (qumix) in C 3 is a qutrit-density operator and a quantum logical gate on C 3 is a qutrit-gate 1
Extending unary quantum gates
In this section we discuss extensions of two known quantum gates to the case of qutrits. These constructions exploit the fact that in C 3 -as well as in N n C 3 -the new truth value widens the usual behavior of gates in C 2 -as well as in N n C 2 -along distinct degrees of freedom. In fact, we will see that single gates in C 2 may admit several extensions in the case of qutrits.
3.1. The negation. Qubit case: For any n 1, the negation on n N C 2 is the unitary operator Not (2 n ) such that, for every element |x 1 , ..., x n i of the computational basis B (2 n ) , Not (2 n ) (|x 1 , ..., x n i) = |x 1 , ..., x n 1 i ⌦ |1 x n i . We have that:
The negation is an example of semiclassical gate: its application to the vectors of the standard quantum computational basis reproduces the behavior of the classical negation: Not|0i = |1i, Not|1i = |0i.
Qutrit case: Given the usual logical basis B (3) = {|0i, | 1 2 i, |1i} on C 3 , we can define a negation Not
We can immediately obtain a matrix form Not (3)
This idea can be easily applied to the other basis states as follows:
Let us remark that, for any i 2 {0, 1 2 , 1}, Not
3.2. The Hadamard gate. Qubit case: For any n 1, the Hadamard gate on n N C 2 is the linear operator H (2 n ) such that for every element |x 1 , ..., x n i of the computational basis B (2 n ) :
where H is the Hadamard matrix:
The basic property of H (2 n ) is that, for any | i 2 n N C 2 ,
Hadamard gate is an example of genuinely quantum gate: its application to the vectors of the standard quantum computational basis produces as output a superposition. Clearly, this behavior has no classical counterpart.
Qutrit case: In [1] , the following extension of the Hadamard gate to the case of qutrits is considered
as a tool in the framework of distillation protocols for fault tolerant quantum computation -precisely Magic State Distillation.
We state without proof the main properties of H (3) :
is a genuinely quantum gate; (1) p I
|ii is a genuinely quantum qutrit-gate;
(2) p I
Let us notice that, in the Hilbert space C 3 , the Hadamard gate H (3) does not behave as a square root of the identity, since in general p I
The operator p I
|ii , instead, is a square root of identity for any i 2 {0, 1 2 , 1}.
Extending binary quantum gates
In this section we discuss extensions of several well known binary quantum gates to the case of qutrits. These constructions exploit the fact that in C 3 -as well as in N n C 3 -the new truth value widens the usual behavior of gates in C 2 -as well as in N n C 2 -along distinct degrees of freedom. In fact, we will see that single gates in C 2 may admit several extensions in the case of qutrits.
Reversible binary gates.
4.1.1. The Swap gate. The Swap gate is the semiclassical unitary operator such that, for any ⇢, 2 C 2 , Swap(⇢ ⌦ ) = ⌦ ⇢. This gate is extremely useful since it allows to "move" -to swap, in fact -the qubits during a computational protocol. Qubit case: The explicit formulation of the Swap (2) gate is the following:
Qutrit case: It can be seen that the Swap (2) gate can be generalized as follows to the case of qutrit-density operators [9] : 
The p Swap is an example of genuinely quantum gate.
Qubit case: For any n 1, the p Swap (2) gate on ⌦ n C 2 can be defined by:
The matrix formulation of p Swap (2) gate in C 2 is:
Qutrit case
According with [15] , a matrix expression of p Swap gate in C 3 is:
Irreversible binary gates. One may immediately note that, in the case of Swap and p Swap gates, the dimensions of the input and the output coincide. Actually, these gates are unitary: represent a reversible transformation. It can be seen that this is not the case in general. For instance, consider the functions And and Xor from {0, 1} 2 to {0, 1}. In these cases di↵erent inputs may correspond to a single output; these functions are no longer reversible and therefore are not representable by unitary operators. In quantum computation, a standard method for addressing this issue involves the introduction of an auxiliary ancilla.
In this section we propose an application of this method to the framework of qutrits. First, it can be easily seen that, given an irreversible function, ' :
where x, y are the control outputs, '(x, y) 3 2 z is the target output, and 3 2 is the sum modulo 3 2 , allows to represent ' in terms of a reversible transformation. The price to pay for this reversible extension is that the introduction of an extra-ancilla z increases the dimension of the original space.
Let us now discuss the And and Xor quantum gates.
The Conjunction. Qubit case.
In C 2 the conjunction is usually defined by:
where the To↵oli gate T is T (|xi|yi|zi) = |xi|yi|xy zi, is the sum modulo 2 and P (2) 0 plays the role of an extra ancilla. As usual, in classical logic, for any x, y 2 {0, 1} is And(x, y) = x · y. In the quantum computational case it can be easily seen that, for any ⇢, 2 C 2 , p 1 (And (2) (⇢, )) = p
Qutrit case
In the case of three-valued logic, Gödel conjunction (i.e. min(x, y)) has the following irreversible truth-table:
And 0 and, setting z = 0, we have:
f And (x, y, 0) = (x, y, min(x, y)).
The f
And (x, y, z) function induces the following table:
In f And Out (0, 0, 0) (0, 0, 0) (0, 0, 1/2) (0, 0, 1/2) (0, 0, 1) (0, 0, 1) (0, 1/2, 0) (0, 1/2, 0) (0, 1/2, 1/2) (0, 1/2, 1/2) (0, 1/2, 1) (0, 1/2, 1) (0, 1, 0) (0, 1, 0) (0, 1, 1/2) (0, 1, 1/2) (0, 1, 1) (0, 1, 1) (1/2, 0, 0) (1/2, 0, 0) (1/2, 0, 1/2) (1/2, 0, 1/2) (1/2, 0, 1)
(1/2, 0, Thanks to the ancilla z, the function f And (x, y, z) is reversible and the target bit of the output of f And (x, y, 0) correctly represents the outputs of the three-valued Gödel conjunction. It can be seen that the truth table above is representable by the following F And matrix: Consequently, we can define, for any qutrit-density operators ⇢, 2 C 3 , the qutrit Gödel conjunction by:
plays the role of a 0-ancilla (similarly to z = 0 in f And (x, y, z)). We list without proof some easy observations on the qutrit Gödel conjunction: 
The matrix form of the Xor (2) gate in C 2 is the following:
Qutrit case: In the case of {0, 1 2 , 1}, let us note that di↵erent versions of the Xor function have been considered in the literature. For instance, (2) |x y| or f Xor (x, y) =
where 2 is the sum modulus 2. In this last case, the matrix presentation is the following: 
We have seen in Lemma 8 that there exists a unique, irreversible, three-valued Xor satisfying Conditions (1) (4). Since Lemma 9, any minimal Xor would induce a failure of commutativity and associativity. Therefore, any reversible gate preserving Conditions (1) (4) will be in ⌦ 3 C 3 .
Resorting again to Equation (1), we obtain the reversible extension: f Xor (x, y, z) = (x, y, (x + y 2xy) 3 2 z). Obviously, f
Xor (x, y, 0) = (x, y, x + y 2xy). The truth table induced by the 3-valued Xor is:
In f Xor It can be seen that the truth table above is implemented by the following F Xor matrix:
Finally, we can reasonably define, for any ⇢, 2 C 3 , the qutrit Xor (3) gate by: Xor (3) (⇢, ) = F Xor(⇢ ⌦ ⌦ P 0 ). Some easy properties of this gate follows:
• p 
Conclusions
Further possible developments of this note will be:
-enquiring into the logical properties of 3-valued quantum computational logics through the notion of e↵ect probability [13] ;
-investigating the algebraic structures naturally associated to 3-valued quantum computational logics;
-extending the present results to a n-valued quantum computational logics.
